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Abstract
A generalization of the notion of an∞-category is presented, allowing for (∞-)cat(egorie)s that
may have non-invertible higher morphisms.
The first step is to find a suitable category Q of (generalized) simplices. In fact, the categoryQ which we will employ has already been introduced a long time ago. Consider Set Q . Every
simplex A ∈ Q has (inner) faces, corresponding (inner) horns, and a spine. We call an object
X ∈ Set Q a cat if every inner horn in X can be filled. We conjecture that every spine is inner
anodyne, and that the Cisinski model structure generated by the set of spines is equal to the
Cisinski model structure generated by the set of inner horns. It is conjectured that the fibrant
objects of this model structure are precisely the cats.
1 Preface
The notion of an ∞-category was first defined by Boardman & Vogt [2] (who call them weak Kan
complexes) and was further developed most notably by Joyal [6, 7, 8, 9] (who calls them quasi-
categories) and later by Lurie [10, 11].
Notation. Denote by ∆ the category of (classical) simplices. Define N := {0, 1, 2, . . .} and N+ :=
N \ {0}.
2 The category of (generalized) simplices
Definition 2.1. Define A := ∏′n∈N+ ∆ ⊂ ∏n∈N+ ∆ to be the full subcategory generated by the
objects which have only finitely many components not equal to ∆0. For a morphism f : A → B
in A, define deg f to be the smallest k ∈ N+ such that fk is constant, i. e. factors through
∆0. For morphisms f, g : A → B in A, define f ∼ g if and only if deg f = deg g =: d and
f1 = g1, . . . , fd = gd. This defines an equivalence relation on the set of morphisms in A which is
compatible with composition of morphisms. For A ∈ A, define dimA to be the smallest d ∈ N
such that Ad+1 = ∆0. Define Q ⊂ A/∼ to be the full subcategory generated by the objects
A = (A1, A2, . . .) having the property that An = ∆0 for all n > dimA.
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The category Q was introduced by Simpson [12] under the notation Θ.
Notation. For n ∈ N and a1, . . . , an ∈ N+, define
Q a1,...,an := (∆a1 , . . . ,∆an ,∆0,∆0, . . .) ∈ Q .
In particular, Q ∅ = (∆0,∆0, . . .).
Proposition 2.2. Q is a skeleton of A/∼, and the objects in Q have no non-identity automor-
phisms. Two objects A,B ∈ A become isomorphic in A/∼ if and only if dimA = dimB =: d and
A1 = B1, . . . , Ad = Bd.
Theorem 2.3 (Ara & Maltsiniotis). The category Q is a strict test category in the sense of
Grothendieck [4].
3 Faces, horns and spines
Definition 3.1. Let A ∈ Q . The maximal proper subobjects B ↪→ A in Q , and also the images of
the corresponding monomorphisms B ↪→ A in Set Q , are called faces of A.
Lemma 3.2. Let F : B ↪→ A be a face in Q , and define d := dimA. Then d − 1 ≤ dimB ≤ d ≤
degF ≤ d + 1, and the components F1, . . . , Fd of F are well-defined monomorphisms in ∆. There
is a unique k ∈ {1, . . . , d} such that the monomorphism Fk : Bk ↪→ Ak is a (classical) face in ∆,
and for n ∈ {1, . . . , d} \ {k} the monomorphism Fn is an identity.
Definition 3.3. Let A = Q a1,...,ad ∈ Q , k ∈ {1, . . . , d} and m ∈ {0, . . . , ak}. Denote by δAk:m ⊂ A
the face whose k-th component is equal to the (classical) face δAkm ⊂ Ak = ∆ak . It is called an inner
face if the k-th component is a (classical) inner face.
Proposition 3.4. The simplex A = Q a1,...,ad has precisely ∑di=1(ai − 1) many inner faces, and
precisely 2 |{i : ai ≥ 2} ∪ {d}| many outer faces.
Definition 3.5. Let A ∈ Q . A simplicial subset Λ ⊂ A is called a horn if there is a face B ⊂ A
such that Λ is the union of all faces of A except B. It is called an inner horn if the missing face is
inner.
Definition 3.6. Let A = Q a1,...,ad ∈ Q , k ∈ {1, . . . , d} and m ∈ {0, . . . , ak}. Define Λk:m ⊂ A to
be the horn whose missing face is δAk:m ⊂ A.
Definition 3.7. A morphism f : X → Y in Set Q is called an inner fibration if it has the right
lifting property with respect to every inner horn.
Definition 3.8. A morphism f : X → Y in Set Q is called inner anodyne if it has the left lifting
property with respect to every inner fibration.
Definition 3.9. Let A ∈ Q . Define the boundary ∂A ⊂ A to be the union of all faces of A.
Proposition 3.10. The class of monomorphisms in Set Q is generated (as a saturated class) by the
set of boundaries ∂A ⊂ A, with A ∈ Q .
Definition 3.11. Let A ∈ Q . Define the spine I(A) ⊂ A to contain a simplex s : B → A if and
only if for all k ∈ {1, . . . ,deg s}, the k-th component sk : Bk → Ak is contained in the (classical)
spine I(Ak) ⊂ Ak.
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4 Cats and groupoids
Definition 4.1. C ∈ Set Q is called a cat if for every inner horn Λ ⊂ A the map C(A) → C(Λ) is
surjective. G ∈ Set Q is called a groupoid if for every horn Λ ⊂ A the map G(A)→ G(Λ) is surjective.
Definition 4.2. A cat C is called strict if for every inner horn Λ ⊂ A the map C(A) → C(Λ) is
bijective. A groupoid G is called strict if for every horn Λ ⊂ A the map G(A)→ G(Λ) is bijective.
Proposition 4.3. A groupoid is strict if and only if it is strict when viewed as a cat.
Definition 4.4. Let n ∈ N+. A cat C is called n-strict if for every inner horn Λ ⊂ A with
dimA ≥ n, the map C(A)→ C(Λ) is bijective.
Remark. A cat is strict if and only if it is 1-strict.
5 The model structure for cats
Definition 5.1. The Cisinski model structure on Set Q generated by the set of spines is called
the model structure for cats. The weak equivalences of this model structure are called weak cat
equivalences.
Definition 5.2. Let A ∈ Q . Denote by FA the set of faces of A, by FiA the set of inner faces of A,
and by FoA the set of outer faces of A.
Lemma 5.3. (i) I( Q 1,...,1) = Q 1,...,1.
(ii) If A ∈ Q is not of the form A = Q 1,...,1, then I(A) ⊂ ⋃FoA.
Lemma 5.4 (cf. Proposition 2.12 in Joyal [9]). For every A ∈ Q and every subset Γ ( FA
containing all outer faces of A, the inclusion
⋃
Γ ⊂ A is inner anodyne.
Proof. We proceed by induction on A: let A ∈ Q , and assume that for every face B of A and every
subset Γ ( FB containing all outer faces of B, the inclusion
⋃
Γ ⊂ B is inner anodyne. Let Γ ( FA
contain all outer faces of A. If Γ contains all faces of A except one inner face, then the inclusion⋃
Γ ⊂ A is an inner horn of A, so is inner anodyne. Assume that Γ misses at least two inner faces
of A. It suffices to show that for B ∈ FA \ Γ, the inclusion β :
⋃
Γ ⊂ ⋃Γ ∪B is inner anodyne.
We have a pushout diagram ⋃
F∈Γ(F ∩B) 
 //
 _
α

⋃
Γ _
β

B
  // ⋃Γ ∪B
The subset {F ∩ B : F ∈ Γ} ⊂ FB is proper and contains all outer faces of B. Hence, by the
induction hypothesis on B, it follows that α is inner anodyne. Because the class of inner anodyne
maps is stable under pushouts, we conclude that β is inner anodyne.
Conjecture 5.5 (cf. Proposition 2.13 in Joyal [9]). For every A ∈ Q the inclusion I(A) ⊂
I(A) ∪⋃FoA is inner anodyne.
From now on, assume the previous conjecture to be proven.
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Proposition 5.6 (cf. Proposition 2.13 in Joyal [9]). Every spine I(A) ⊂ A, A ∈ Q , is inner
anodyne.
Conjecture 5.7 (cf. Lemma 3.5 in Joyal [7]). For every A ∈ Q , the inclusion I(A) ⊂ I(A)∪⋃FoA
is a weak cat equivalence.
From now on, assume the previous conjecture to be proven.
Lemma 5.8 (cf. Lemma 3.5 in Joyal [7]). For every A ∈ Q and every subset Γ ( FA containing
all outer faces of A, the inclusion
⋃
FoA ⊂
⋃
Γ is a weak cat equivalence.
Proof. We prove this by induction on A: let A ∈ Q , and assume that for every face B of A and every
subset Γ ( FB containing all outer faces of B, the inclusion
⋃
FoB ⊂
⋃
Γ is a weak cat equivalence.
Let Γ ( FA contain all outer faces of A. Assume B ∈ FA \ Γ such that Γ ∪ {B} ( FA. We show
that the inclusion β :
⋃
Γ ⊂ ⋃Γ ∪B is a weak cat equivalence.
We have a pushout diagram ⋃
F∈Γ(F ∩B) 
 //
 _
α

⋃
Γ _
β

B 
 // ⋃Γ ∪B
Consider I(B) ↪→ ⋃F∈Γ(F ∩ B) α↪−→ B. By the induction hypothesis on B and conjecture 5.7,
the first map is a weak cat equivalence. The composition I(B) ↪→ B is a weak cat equivalence by
definition. It follows that α is a weak cat equivalence. Because the class of monomorphisms that are
weak cat equivalences is stable under pushouts, we conclude that β is a weak cat equivalence.
Proposition 5.9. Every inner anodyne map is a weak cat equivalence.
Proposition 5.10. The model structure for cats is equal to the Cisinski model structure generated
by the set of inner horns. In particular, if an object X ∈ Set Q is fibrant with respect to the model
structure for cats, then it is a cat.
Conjecture 5.11. The fibrant objects of the model structure for cats are precisely the cats.
6 n-cats
In this section, let n ∈ N.
Definition 6.1. Define Qn ⊂ Q to be the full subcategory generated by the objects A ∈ Q with
dimA ≤ n.
Proposition 6.2. The sequence of canonical projection functors Q 0 ← Q 1 ← Q 2 ← . . . ← Q
induces a sequence of (full and faithful) embeddings Set Q 0 ↪→ Set Q 1 ↪→ Set Q 2 ↪→ . . . ↪→ Set Q .
Definition 6.3. C ∈ Set Qn is called an n-cat if for every inner horn Λ ⊂ A with A ∈ Qn, the map
C(A)→ C(Λ) is surjective.
Remark. For a cat C ∈ Set Q , the restriction C| Qn ∈ Set Qn is an n-cat.
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Remark. Beware that an n-cat C ∈ Set Qn is in general not a cat when viewed as an object of Set Q
via the embedding Set Qn ↪→ Set Q .
Definition 6.4. A cat C ∈ Set Q is called an n-cat if C is weakly cat equivalent to an object in
Set Qn (viewed as an object in Set Q ).
From now on, assume n ≥ 1.
Definition 6.5. The Cisinski model structure on Set Qn generated by the set of spines which are
contained in Set Qn is called the model structure for n-cats.
Proposition 6.6. The model structure for n-cats is equal to the Cisinski model structure generated
by the set of inner horns which are contained in Set Qn . In particular, if an object X ∈ Set Qn is
fibrant with respect to the model structure for n-cats, then it is an n-cat.
Conjecture 6.7. The fibrant objects of the model structure for n-cats are precisely the n-cats.
7 The model structure for groupoids
Definition 7.1. The Cisinski model structure on Set Q generated by the set of maps A → 1, with
A ∈ Q , is called the model structure for groupoids. The weak equivalences of this model structure
are called weak groupoid equivalences or weak homotopy equivalences.
Conjecture 7.2. The model structure for groupoids is equal to the Cisinski model structure gen-
erated by the set of horns. In particular, if an object X ∈ Set Q is fibrant with respect to the model
structure for groupoids, then it is a groupoid.
Conjecture 7.3. The fibrant objects of the model structure for groupoids are precisely the groupoids.
8 H2(G;A)
Definition 8.1. For a group G, define B1G to be the strict 1-groupoid which has a single object,
whose 1-morphisms are in bijective correspondence with the elements of G, and whose composition
of 1-morphisms corresponds to multiplication in G.
Definition 8.2. For an abelian group A, define B2A to be the strict 2-cat which has a single object,
a single 1-morphism, whose 2-morphisms are in bijective correspondence with the elements of A,
and whose (vertical and horizontal) composition of 2-morphisms corresponds to addition in A.
Remark. In general, B2A is not a groupoid. In fact, the map (B2A)( Q 2,1)→ (B2A)(Λ2:0) induced
by the outer horn Λ2:0 ⊂ Q 2,1 is not surjective if A 6= 0.
Definition 8.3. We can define a groupoid B2A having no non-degenerate simplices of dimension
> 2 together with a weak homotopy equivalence B2A ↪→ B2A. (Hint: B2A( Q 2) := A.)
Proposition 8.4. There is a canonical bijective correspondence between the set of maps B1G →
B2A and the set of 2-cocycles G×G→ A.
Conjecture 8.5. The bijective correspondence of the previous proposition descends to a bijective
correspondence between the set of homotopy equivalence classes of maps B1G → B2A and the set
H2(G;A) of 2-cocycles modulo 2-coboundaries.
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9 Personal note
I would like to write a thesis about this topic, but haven’t been able to find an advisor yet. If there
is anyone willing to work with me on this, please let me know.
References
[1] Baez, J. & Bartels, T. & Corfield, D. & Coward, A. & Roberts, D. & Schreiber, U. & Shulman,
M. & Stacey, A. & Trimble, T. & . . . . The nLab (http://ncatlab.org). 2008.
[2] Boardman, J.M. & Vogt, R.M. Homotopy Invariant Algebraic Structures on Topological
Spaces. 1973.
[3] Cisinski, D. - C. Les préfaisceaux comme modèles des types d’homotopie. 2006.
[4] Grothendieck, A. Pursuing Stacks. 1983.
[5] Hirschowitz, A. & Simpson, C.T. Descente pour les n-champs. 1998.
[6] Joyal, A. Quasi-categories and Kan complexes. 2002.
[7] Joyal, A. & Tierney, M. Quasi-categories vs Segal spaces. 2006.
[8] Joyal, A. Notes on Quasi-Categories. 2008.
[9] Joyal, A. The Theory of Quasi-Categories and its Applications. 2008.
[10] Lurie, J. Higher Topos Theory. 2006.
[11] Lurie, J. Higher Algebra. 2011.
[12] Simpson, C.T. A closed model structure for n-categories, internal Hom, n-stacks and gener-
alized Seifert-Van Kampen. 1997.
[13] Simpson, C.T. Homotopy Theory of Higher Categories. 2010.
[14] Tamsamani, Z. Sur des notions de n-catégorie et n-groupoïde non-strictes via des ensembles
multi-simpliciaux. 1995.
[15] Tamsamani, Z. Equivalence de la théorie homotopique des n-groupoïdes et celle des espaces
topologiques n-tronqués. 1996.
6
